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ON SOME PROBLEMS RELATED TO THE 
HILBERT-SMITH CONJECTURE 

ALEXANDER DRANISHNIKOV 


1. Introduction 

The 5th Hilbert’s problem [H] has an unsettled extension known as 
the Hilbert-Smith conjecture [Smj . [Wi] : 

1.1. Conjecture (Hilbert-Smith Conjecture). If a compact group G 
acts effectively (freely) on a connected manifold, then G is a Lie group. 

It is known that the Hilbert-Smith conjecture is equivalent to the 
question whether the group of p-adic integers Ap can act effectively 
(freely) on a manifold [Sm2j . 

The Conjecture is proven for n-dimensional manifolds with n < 
2 |MZ2j and n = 3 [P]. For arbitrary n the Hilbert-Smith Conjecture 
is proven for smooth actions on a smooth manifold [MZ2] . for Lipschitz 
actions on Riemannian manifolds |RSc] . for Holder actions |Mal] . and 
for quasi-conformal actions |Mar] . 

A quite deep but not yet successful line of research on the Hilbert- 
Smith Conjecture is known as the orbit space method. For an effective 
action of a compact group G on a space X the formula for the dimension 
of the orbit space 

dim A/G = dim A — dimG 

seemed quite natural. Since Ap is homeomorphic to the Cantor set 
and hence, dimAp = 0, one would expect the dimension of the orbit 
space M/Ap of an effective action of an n-manifold to be equal n. 
Contrary to that P.A. Smith found in 1940 [Smj that this dimension is 
not n. Later C.T. Yang proved |Y1] that the cohomological dimension 
dAm-iM/Ap of the orbit space of an effective p-adic action on an n- 
manifold M equals n-|-2. Therefore, by Alexandroff’s theorem 
about the coincidence of cohomological and covering dimensions in the 
case when the latter is hnite either dim M/Ap = n + 2 or dim M/Ap = 
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oo. The other surprising properties of the orbit spaces of a hypothetical 
p-adic action on a manifold can be found in [BRWj . [R] . |RWj . |Wij . |Y2] . 
Still there is a remote hope that those bizarre properties of the orbit 
space M/Ap could lead to a contradiction and prove the Hilbert-Smith 
Conjecture. 

In this paper we consider the Hilbert-Smith Conjecture under the 
assumption that the dimension of the orbit space is hnite. We consider 
only free actions. 

1.2. Conjecture (Weak Hilbert-Smith conjecture). If a compact group 
G acts freely on a manifold M and dimension of the orbit space M/G 
is finite, then G is a Lie group. 

We reduce the weak Hilbert-Smith conjecture to two problems which 
we call the Essential Lens Seguence problem (Problem 13.ip and the 
Injectivity Conjecture fConjecture 15.6p . The reduction is based on the 
idea of Williams to use the inhnite product in the K-theory of some 
special version of a classifying space BAp for the group Ap |Wi] . We 
should warn the reader that in the dehnition of classifying spaces for 
Ap in |Wi] the order of direct and inverse limit must be exchanged. 

The Essential Lens Sequence problem is a quest for compact ’clas¬ 
sifying space’ (we call it here a rough classifying space) which has an 
inhnite product in K-theory and hence inhnite dimensional. A hnite 
dimensional compact rough classifying space for Ap was constructed 
by Floyd iwo. Existence of such an inhnite dimensional rough clas¬ 
sifying space together with Borel’s construction would bring examples 
of cell-like maps which are Hurewicz hbrations and yet have nontrivial 
cokernels in K-theory. This looks surprising but it does not contra¬ 
dict to any known facts about cell-like maps. Thus, it is known that 
cell-like maps of manifolds can have nontrivial kernels in homology 
K-theory |DFW] . 

The Injectivity Conjecture is a technical statement about Hurewicz 
hbrations with the hber a closed manifold M over a hxed base B. 
It states that for a hxed nonzero generalized cohomology class a G 
h*{B X M) for a sufficiently close approximation f : E ^ B x M of 
the trivial hbration 7r:RxM—)-Rbya Hurewicz hbration p ■. E ^ B 
with the hber M the map / takes a to a nonzero element f*{ot). We 
apply the Injectivity Conjecture when h* is the reduced K-theory. We 
note that for general spaces B the concept of Hurewicz hbration is a pe¬ 
culiar one, since B does not necessarily support interesting homotopies. 
There is a seemingly weaker notion of a completely regular map which 
does not appeal to homotopy in its dehnition. It is still unknown (the 
Hurewicz Fibration Problem) whether every completely regular map is 
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a Hurewicz fibration. We conclude the paper by reductions of the In¬ 
jectivity Conjecture hrst to the Hurewicz Fibration Problem and then 
to the ANRness problem of the classifying space for completely regular 
maps with a given manifold hber. 

1.3. Theorem. A positive solutions to both the Essential Lens Sequence 
Problem and the Hurewicz Fibration Problem imply the Weak Hilbert- 
Smith Conjecture for closed aspherical manifolds. 

1.4. Theorem. If the Essential Lens Sequence Problem has positive so¬ 
lution and the classifying space for completely regular maps with a given 
compact Q-manifold is an absolute neighborhood extensor for compact 
metric spaces, then the Weak Hilbert-Smith Conjecture holds true. 

Our approach to the Hilbert-Smith Conjecture does not exclude a 
possibility of a p-adic action on a manifold with an inhnite dimensional 
orbit space. On the other hand still there is no known examples of p- 
adic actions on a hnite dimensional compact space with an inhnite 
dimensional orbit space. Though there are examples of such actions of 
Cantor groups jPW] . [Le] . 


2. Preliminaries 

2.1. p-Adic actions. By = Z/mZ we denote the cyclic group of 
oder m. Let p be a prime number. The p-adic integers is a topological 
group dehned as the inverse limit of the sequence 

Zp — Zp2 — Zp3 — . . . 

where every bonding map Z^fc+i —)■ Z^t is the mod p^ reduction. Note 
that every closed subgroup of Ap has the form p^Ap. If the group Ap 
acts on a compact metric space X, then X can be presented as the 
limit space of the inverse sequence 

(*) To ^ ^ >^2 ^ V's ^ - • • • 

with To = X/Ap and each space W equals to the orbit space X/p^Ap 
of the action of the subgroup p^Ap, all the bonding maps q^'^^ are the 
projection to the orbit space of a Zp-action, and every composition 

fc+i _ „fc+l _ ^fc-l-2 _ X+i ■ V V 

Qk -% ° ^k+1 • • • ° (lk+i-1 ■ ^k+i ^k 

is the projection onto the orbit space of an action of the quotient group 

Zpi = p^Ap/p^+Mp. 

2.1. Proposition. Suppose that the group of p-Adic integers Ap acts 
freely on a connected and locally connected compact metric space X with 
the orbit space Y. Then X and Y can be presented as the inverse limit 
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of sequences of simplicial complexes such that there is a commutative 
diagram 



where each pk is the projection onto the orbit space of a free action of 
Ijpk, each bonding map (fk-i l^pk-equivariant. 

Proof. We take Y = Yq from (*) and construct the inverse sequence 
{U , t/’i-i} using nerves of a sequence of finite open covers {W*} with 
mesh Ui ^ t). Since Y is locally connected, we may assume that all 
sets in each Ui are connected. Thus, Lj = Nerve{Ui). Let -ipi ■. Y ^ 
denote the projection to the nerve. We recall that it is dehned by 
means of a partition of unity subordinated by Ui 

We may assume that each U EUi admits a section of gg- Thus, the 
preimage (go)~^(^) is a disjoint union of p* copies of U. These copies 
of U dehne a hnite open cover Vi of Yi. Let Ki = NerveiVi). Note that 
there is a simplicial map qi \ Ki ^ Li which is the projection onto the 
orbit space of Z^i-action. Moreover, there is a map ipl \Yi^Ki which 
dehnes a pull-back diagram 



It is an easy exercise to show that the multi-valued upper semi-continuous 
map F : Ki ^ dehned by the formula F{x) = 'ipi_i{'ip[)~^ is in 
fact single-valued. Thus F dehnes a continuous map We show 

that the square diagram in our sequence commutes = 'ipl_iPi: 

Pi-i4>\-i = Pi-iF{x) = pi-if}'i_^{{f)'i)-^{x)) = f)i-iql{{f)[)-^{x)) 

= f)i-i{'ipf^{Pi{x))) = f)l_^pi{x). 

Clearly, lim.i_{iLj, = X. □ 

2.2. Borel construction. Let a group G act on spaces X and E with 
the projections onto the orbit spaces qx ■ X ^ X/G and qE '■ E ^ 
E/G. Let qxxE '■ X xE ^ X XqX = {XxE)/G denote the projection 
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to the orbit space of the diagonal action oi G on X x E. Then there is 
a commutative diagram called the Borel construction m- 

X X xE E 


lx 


IXxE 


Qe 







X/G XxgE E/G. 


If G is compact, the actions are free, and qe is locally trivial bundle, 
then so is px- In particular, this holds true for free actions of compact 
Lie groups. Since the projection of the limit space of an inverse se¬ 
quence whose bonding maps are locally trivial hbrations onto the hrst 
space of the sequence is a Hurewicz hbration, using approximation of a 
compact group by compact Lie groups, we obtain that in the case of free 
G-actions all projections in the diagram are Hurewicz hbrations. The 
hber p'^iy) is homeomorphic to X/G where G = {g & G \ g{z) = z} 
is the isotropy group of z G qE^{y)- 

3. Essential sequences of lens spaces 

For an integer m we denote the standard {2n — l)-dimensional lens 
space mod m by 

LGm) = 

where the Z^-action on {2n — l)-sphere C C” is obtained from 

the rotation by 27r/m in every coordinate plane C in C”. 

Note that the classifying space BZm = K{Zm,l) can be presented 
as the increasing union U„L”(m). 

We call a map between lens spaces q : L^{p^) —)■ L‘^{p^) essential if 
it induces an epimorphism of the fundamental groups. A sequence of 
mappings of spheres 

^1 f2 f3 

gko ^ ''0 gki ^ ’^1 gk2 ^ ’^2 

is called inessential if for every i there is j such the o ■ ■ ■ o 
is null-homotopic. 

3.1. Problem (Essential Lens Sequence Problem). Given an odd prime 
p, does there exist an infinite sequence of lens spaces 

( 1 ) ••• 

with essential bonding maps, G oo, and Hi > ^ such that the 

sequence of covering spheres 

^2no — l / ^0 Q2ni — 1 


( 2 ) 

is inessential ? 


^ 2712-1 , 
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It is known (see Section 4) that d{c), the dimension of a lens space in 
an essential sequence as a function of the cardinality of its fundamental 
group, can grow at most linearly. Floyd’s example iwii gives us an 
essential sequence of lens spaces with constant function d(c) = 3. Using 
ideas from |Dr] it is possible to construct an essential sequence with 
d{c) ~ log c. It turns out that for our applications to the Hilbert-Smith 
conjecture we need d{c) to be linear. This requirement is spelled out 
in the condition: 

The ELS problem can be stated for concrete values of ki and np 

(1) ki = i + 1 and rii = + 1; 

(2) ki = i + 1 and rii = p^ + 2; 

(3) ki = T and n* = + 1. 

Suppose that a sequence from Problem 13.II does exist. Then the maps 
g,i+i . dehne maps 5 ' 2 ni-i 

between the universal covers. Denote by 

E = hm{^2ni-i^ ~i+i| 

and by 

the corresponding inverse limits. Then the following proposition is 
straightforward. 

3.2. Proposition. The compactum E is cell-like and there is a free 
Ap-action on E with the orbit space B. 

Using Ferry’s theorem EB we can modify the bonding maps (possi¬ 
bly with stabilizations) in the inverse sequence hm^{L”*(p^‘), to 
f/U°-maps. Then we may assume that B and E are path connected 
and locally path connected. 

3.1. K-theory of lens spaces. For any r the actions of the groups 
Zpr c Zpr +1 c on and form a commutative diagram 


^ BZpk -^ B'Lpk+i -^ CP°° 









c 


c 


c 


c 


Q2n-1 -^ ^ ^ CP". 


The canonical line bundle p over CP°° dehnes the line bundles over all 
spaces in the diagram. This bundle dehnes an element in the K-theory 
of the Eilenberg-MacLane space PZpfc which will be denoted by pk- 
As it was computed by Atiyah (see |ASj ) the K-theory of BZpk equals 
the completion of the representation ring RZpk of Zpk. We recall that, 
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RLpk = 1j[r]\/{1—7]^'^) where r] is the class of the complex representation 
of Ijpk generated by the gronp embedding 7] : Zpk —)■ S^. Note that rjk 
is obtained from rj by passing to the map of classifying spaces rj : 
BZpk BS^ = CP°° and pnlling back the canonical complex line 
bundle. Thus, taking the completion we obtain 

K^iBZpk) = {RZpk)^ = Z[[nk]]/{1 - vt) 

where ^[[a;]] denotes the ring of formal series with the variable x and 
coefficients in A. Note that the mod reduction homomorphism 
Zpk+r —)■ Zpk takes the generator pk to 

Let pk denote the restrictions of these classes to the (2n—l)-dimensional 
lens space The iL-theory of this lens space was computed 

in [^, [K^: 

K%L-{p'^))=Z[pk]/{l-€Aflk-ir). 

We note that the ideal generated by % — 1 in the above ring is isomor¬ 
phic to the reduced iL-theory of (see |KSj L 

3.3. Proposition. For any positive integers k > I, m <p\ and prime p 

the polynomial {x^ —1)”^ does not belong to the ideal {x^ —1, (x —1)”) 

of the polynomial ring Z[x] provided that mp^~’' < n. 

Proof. We change the variable y = x — 1. Thus, we need to show that 
{{y -I- 1)^*’ ‘ — I)™' does not belong to {{y + 1)^*’ — 1, y^). The modp^~^ 

k — l 

reduction of this problem is the question whether y^^ belongs the 
ideal {y^ ,2/’^)- Since mp^~^ < min{p^,?7,}, the answer to the question 
is negative and the result follows. □ 

3.4. Proposition. Let qi : B ^ L‘^^{p^*) be the projection of the limit 

in the above inverse system. Suppose that m < Then the induced 

homomorphism in the reduced K-theory 

q* : K%L^^{p’^^)) K%B) 

takes {pki — I)™ to a nonzero element. 

Proof. Note that 

(<LT{{fik - 1)”)=(Cr"' -1)"- 

We apply Proposition 13.31 with k = ki+j, I = ki, n = Ui+j to obtain 
that {Pk^’^^ * “ I)™' 7^ 0 since m < p’^' and 

< pki-kopki+j-ki ^ pki+j-ko ^ 

i.e., the conditions of Proposition 13.31 are satished. □ 

3.5. Corollary. The reduced K-theory cup length of B is unbounded. 
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4. Lens Sequence Problem and the Schwarz genus 


We consider the level functions defined in [Mej 
Vp,k{m) := mm{n\ 3 f : ^ 


where / is a Zp-equivariant map with respect to the standard free ac¬ 
tions. Lower bounds for these functions were given by Vick j^, redis¬ 
covered by Bartsch |Baj . and formulated in this way by D. Meyer [Mej : 

vp,k{m) > + 1 . 

Also D. Meyer has computed Vp^ 2 {jn) = + 2 for odd p and m = 2 

mod p [Mej . 

REMARK. The existence of a sequence of lens spaces as in Prob¬ 
lem 13.11 does not contradict to the above estimates of the level func¬ 
tions. Indeed, for i > j the composition o • • • o induces a 
Zp-equivariant map _s. Therefore, we have the in¬ 

equality 


■Rj ^ Vp ki-kj+i{ni) > r fc _fc 1 T 1 — k -k■ 


+ 1 > 


which is consistent with the conditions on ki and rij. 


4.1. Schwarz genus. We recall that the Schwarz genus Sg{f) of a 
hbration / : E —)■ R is the minimal k such that B can be covered by 
open sets Ai, ..., such that p admits a section on each Aj [S^ . 

4.1. Proposition. jSch] Sg{f) < n if and only if *”/ : —)■ B 

admits a section. 

A free action of Z^ on determines a free Z^-action on = 

and a free action of Zp^ on determines a free Z^-action 

on U^{p). In the question below we consider the free Zp^-actions on 
U^{p) and determined in this way. 

Let TT^ = P 51 : IV™ = L^{p) —)■ be the S'^-bundle 

from the Borel construction for Zpfe-actions on and L^{p). 

4.2. Theorem. There is a map q : L^{p^~^^) —)■ that induces an 

epimorphism of the fundamental groups if and only if Sg{n'^) < n. 

Proof. Such map q exists if and only if there is a Zp^-equivariant map 
q' : U^{p) —)■ for free actions. This equivalent to the existence 

of a section of the locally trivial S'^”“hbundle vr : L™(p) —)■ 

lfn(jfk+i the Borel construction. Since the sphere 
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is the join product of n circles and the action conies from a free Tjpk- 
action on the bundle vr is the hberwise join product of n copies of 
the S'^-bundle tt™. Then the result follows from Proposition 14.11 □ 


4.3. Corollary. Sg{'K'^) > \^] + 1. 

For odd p, Sg{-K'^) = + 2 provided m = 2 mod p. 

Proof. Suppose that Sgij'^) = n. Then there is a map q : —)■ 

L'^{p^) that induces an epimorphism of the fundamental groups. Going 
to Zpk covers we obtain a Zp/c-equivariant map / : L"^{p) —)■ 

Thus, the map / is Zp-equivariant as well, Zp C hpk. Hence ^^, 2 (^ 1 ) < 
n. We proved the inequality Sg{7i^) > Vp^ 2 {,fn). The cited above results 
of Vick, Bartsch, and D. Meyer imply Sg{7i]f) > + 1. □ 

4.4. Problem. (1) What is the Schwarz genus of the -bundle from 

the Borel construction vr™ : L"^{p) Xz ^ ^ LF{p^^^)? 

(2) In particular, if m = 2 mod p, is Sg{n^) = + 2 for all k ? 


4.5. Corollary. A positive answer to Problem 4 - 4 \ (^) gives a positive 
answer to Problem \3.1\ 


Proof. We take ki = i and Ui = ^p^ — + !■ Clearly, the condition 

Ui > p^i~^o is satished. Note that m = Uj+i + 1 equals 2 mod p and 
12 ^ + 2 = 3p* - T:s=if -I <n,. If ^^(vrr) = ^ + 2, then by 
Theorem 14.21 there is an essential map ff^^ : We 

dehne —)■ //"'(p*) to be the restriction of to 

Then the corresponding sequence of spheres 
will be inessential. □ 


5. A REDUCTION OF THE WEAK HILBERT-SmITH CONJECTURE 

5.1. Dimension, LS-category, and cup-length. We recall that a 
topological space X has the Lusternick-Schnirelmann category (LS- 
category for short) cat{X) < n if there is an open cover Uq, ... ,Un 
of A by n -|- 1 contractible in X sets. It’s known that in the case of 
ANR, it suffices to take closed f/jS or even arbitrary [Sr]. We refer 
to [CLOT] for general properties of the LS-category. The basic proper¬ 
ties are that cat{X) is a homotopy invariant, it is bounded from above 
by dimension dim A, and from below by the length of a nonzero cup 
product of nonzero dimensional elements in cohomology. It is known 
that the cohomology in this cup product could be generalized or even 0- 
dimensional if one uses a reduced cohomology theory dehned by means 
of a spectrum |Sw] . 
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5.1. Proposition. The LS-category of a finite connected complex is 
greater than or egual to the cup-length for any reduced generalized co¬ 
homology theory h*. 

Proof. This proposition can be extracted from [Ruj . We give an alter¬ 
native proof, since it is short. Assume that w = oi ^ ^ 7 ^ 0 in 

h*{X). Suppose that catLs ^ < k — 1. Then there is a cover Ui, ... ,Uk 
of X by contractible in X subcomplexes (for some subdivision). The 
long exact sequence of pair (X, Ui) for th e reduced h-cohomology and 
the fact that h*{X) —)■ h*{Ui) are 0-homomorphisms imply that the 
homomorphisms h*{X-,Ui) —?• h*{X) are isomorphisms in all dimen¬ 
sion. Let (Xi denote the corresponding elements in h*{X]Ui). Then 
the product tc = di ^ ^ dfc 7 ^ 0. On the other hand, w G 

h*{X;UiU ■ ■ ■ U Uk) = h*{X]X) = 0. We have a contradiction. □ 

5.2. Corollary. The cup-length of a finite connected complex for any 
generalized reduced cohomology theory h* does not exceed the dimension 
of the complex. 

5.3. Theorem. For a finite dimensional compact metric connected 
space X, the cup-length for any reduced generalized cohomology the¬ 
ory does not exceed dimX. 

Proof. Let dimX = n. Then X can be presented as the inverse limit 
of a sequence of n-dimensional polyhedra X = lim.i_ L^. If 

in h*{X), then there is m such that Oj = p^{fii), i = l,...,k, and 
^ ^ Q where pk ■ X ^ Lk is the projection in the inverse 

system. By Corollary 15.21 k < n. □ 

5.2. Injectivity conjecture. The Chapman-Ferry a-approximation 
theorem [CF^ has severer versions. For instance Theorems 1, 2, 3, 4 
in [F3j are all variations of that. One of the weakest version states that 
for a fixed metric on a closed manifold M for every 5 > 0 there is e > 0 
such that every e-map / : M —)■ M is 5-homotopy equivalence. The 
following conjecture is a parametrized version of this version of the a- 
approximation theorem with a fixed space of parameters B. Since we 
don’t assume that B is nice, we replace in our conjecture the homotopy 
equivalence by a shape equivalence. 

Let F be a compact metric space. We say that a fibration p -. E ^ B 
is a fibration with isometric fibers F if there is a metric on E such that 
all fibers p~^{x), x E B, are isometric to F. 
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5.4. Conjecture (Parametrized a-Approximation Conjecture). For ev¬ 
ery compaet manifold M (or Q-manifold) with a fixed metrie on it and 
any eonneeted and loeally connected compact space B there is e > 0 
such that for any Hurewicz fibration p ■. E ^ B with isometric fibers 
M every fiberwise e-map f : E ^ M x B is a shape equivalence. In 
particular, it induces an isomorphism of generalized cohomology groups. 

The a-Approximation Conjecture seems out of reach. For applica¬ 
tions to the Hilbert-Smith conjecture it suffices to prove the following. 

5.5. Conjecture (Injectivity Conjecture). For every closed manifold 
M (or Q-manifold) with a fixed metric on it, any connected and locally 
connected compact space B, and any nonzero element a G h*{B) for 
some generalized cohomology theory h* there is e > 0 such that for 
every Hurewicz fibration p ■. E ^ B with isometric fibers M and every 
fiberwise e-map f : E ^ M x B, the image f*7i*{a) 7 ^ 0 where n : 
M X B ^ B is the projection. 

We note that the a-approximation theorem holds true for Hilbert 
cube manifolds (Q-manifolds). Thus, it makes sense to extend the 
Injectivity Conjecture to Q-manifolds as well. We note that the In¬ 
jectivity Conjecture for Q-manifolds implies the Injectivity Conjecture 
for ordinary manifolds via multiplication by the Hilbert cube. 

Let G be a compact metrizable topological group. The orbit space of 
a free G-action on a Peano continuum of a trivial shape will be called 
a rough classifying space for G. 

5.6. Corollary (Corollary of the Injectivity Conjecture). Let B be a 
rough classifying space for Ap. Suppose that Ap acts on a compact 
manifold (or Q-manifold) M. Then for any nonzero a G K^{B) there 
is k such that p*M{a) 7 ^ 0 where pm ■ M XAp E ^ B is the projection 
from the Borel construction for the action on M of the subgroup p^Ap = 
Ap. 

Proof. Let p be an invariant measure on Ap. Integration on Ap with 
respect to p of a metric d on M gives an Ap-invariant metric on M: 
p{x, y) = d{gx, gy)dpi. We take any metric d' on E and consider the 
£i-product metric p + d' on M x E. This dehnes the quotient metric on 
each of the orbit spaces E^ = M x E for the diagonal action of Ap 
where for the action on M the group Ap is identihed with p^Ap. Thus, 
Pm '. Ek ^ B is a. hbration with isometric hbers M. 

We claim that for large k the total space E^ = M x a^E oi the Borel 
construction of the action of p^Ap on M admits a retraction onto a 
hber M the restriction of which to any other hber is an e^-map with 
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efc —0. There are several ways to argue for this. We leave the proof 
to the reader. One approach would be that the composition of the 
inverse to the quotient map M x E ^ followed by a retraction 
r : M X E ^ M to a. hber dehnes a multivalued such retraction with 
the diameter of the images of points tending to 0. That with fact 
that M is ANR would be sufficient to derive our claim. 

Then the Injectivity Conjecture implies the required result. □ 

The following is the main result of the paper: 

5.7. Theorem. Suppose that the Injectivity Conjecture hods true and 
there exists an infinite sequence of lens spaces as in the Essential Lens 
Sequence problem. Then there is no free Ap-action on a closed manifold 
with a finite dimensional orbit space. 

Proof. Assume that there is such a free Ap-action on an n-manifold 
M with dim. M/Ap < oo. Then by the Yang’s theorem dim M/Ap = 
n + 2. Let B and E be as in Proposition 13.21 We apply the Injectivity 
Conjecture to the product of a desired length 

a = a\ . Oin+3 £ K^{B) 

defined by Corollary 13.51 Then p*M{oi) 7 ^ 0 for the action of p^Ap for 
some k. 

By Proposition 13.21 the projection pe from the Borel construction for 
that action is a cell-like map. Since dimM/p^Ap < 00 , it is a shape 
equivalence [La] and hence it induces an isomorphism in iP-theory. 
Hence for each i there is fii G K^{M/p^Ap) such that PEifii) = Puioii). 
Hence, fii... fin+z 7 ^ 0. 


M MxE E 


Qm 


<lMxE 


Qe 





-- 


M/p^Ap Mxa^E B. 


Since dimM/(p^Ap) = n -|- 2, we obtain a contradiction with Theo¬ 
rem [5Al □ 


6. Hurewiz fibration problem 

6.1. Completely regular maps. Dyer and Hamstrom introduced the 
notion of a completely regular map in |DH] . We recall that a continuous 
surjection p : E ^ B between metric spaces is called completely regular 
if for each b & B and e > 0, there exists d{b,e) > 0 such that if 
dsib,!') < 6, then there exists a homeomorphism h : p~^{b) —?• p~^{b') 
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with dE{x, h{x)) < e for all x G p~^{b). It is known that the complete 
regularity of a map does not depend on choice of metrics cIb and cIe- 

Using Michael’s selection theorem [Mj, Dyer and Hamstrom proved 
the following theorem IDE]. 

6.1. Theorem. Suppose that for a compact F the space Homeo{F) is 
locally contractible. Then every completely regular map p ■. E ^ B with 
fiber F and a finite-dimensional B is a locally trivial fibration. 

The mistake in the proof presented in |DH] was corrected in |Ha] . A 
detailed proof can be found in |RSj . Similar or stronger related results 
later were proven in H, H. EEl. HI. 

The Ferry’s a-approximation theorem (Theorem 1 from |F3] i admits 
the following variation: 

6.2. Theorem. Let M he a closed n-manifold, n > 5, with a fixed 
metric. Then for any e > 0 there is 6 > 0 such that for every 5-map 
g : M ^ N onto a closed n-manifold N there is a homeomorphism 
h : N ^ M such that the composition h o g is e-close to the identity 
1m- 

Like the proof of the original Ferry’s theorem, the proof of this varia¬ 
tion is a consecutive applications of Theorems 2, 3, and 4 of |F3j . Also 
we note that this theorem holds true for compact Q-manifolds. 

We recall that a map / : X —)• T of a subset X of a metric space 
(Y, d) is called an e-move if d{x, f{x)) < e for all x G X. 

6.3. Proposition. Let M be a close manifold with a fixed metric. Then 
given Cq > 0, there is Sq > 0 such that for every isometric embed¬ 
ding M C X for any n-dimensional compact Z C Nsq{M) of the ho- 
neighborhood of M there is continuous CQ-move r : Z ^ M. 

Proof. By the Lefschetz criterion of ANRs (see [Bo] . Theorem 8.1), for 
any e > 0 there is h > 0 such that for every map of the vertices / : 

—)■ M of a n-dimensional simplicial complex K with the condition 
that d{f{v), (n')) < 6 for every edge [n,U] C K there is an extension 
f -. K ^ M with diamf{A) < e for each simplex A C X. 

We prove the Proposition when Z is a polyhedron. For the general 
case (not needed in the paper) can be obtained usin approximation of 
Z by nerves of small open covers. 

We take e < eo/3 to obtain 6 < e from the Lefschetz criterion. Take 
So < S/A and consider a triangulation of Z with the mesh S' satisfying 
S' < S — 2So. We may assume that S' < eo — e — Sq. We dehne r on the 
vertices of Z by sending each vertex n to a nearest point of M. Thus, 
d{v,r{v)) < So- Then for any edge [n,n'] we obtain d{r{v),r{v')) < 
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2^0 + S' < 6. Let r : Z ^ M be an extension from the Lefschetz 
criterion. Then for every z E Z we consider a simplex A C Z that 
contains z and £x a vertex n G A. By the triangle inequality we obtain 
d{z, r{z)) < d{z, v) + d{v, r{v)) + d{r{v),r{z)) < 5' + 5o + <; < Co- D 

6.4. Theorem. Let (j) : X ^ Y be a continuous map between compact 
metric spaces such that all point preimages are isometric to a 

closed n-manifold M, n > 5. Then (p is a completely regular map. 

Proof. Let y ^ Y and e > 0 be given. Proposition 16.31 implies that 
there is a neighborhood U{y) of y E Y such that for every y' G U{y) 
there is a (5/2-move r : (t)~^{y') —)■ where S is taken for e/2 as 

in Theorem 16.21 Let r' : (t)~^{y) —)■ (t)~^{y') be a similar map back. We 
may assume that r' or is homotopic to the identity. Therefore, we may 
assume that r is surjective. Let i : M ^ (j)~^{y') be an isometry. Note 
that r o z is a (5-map. Hence there is a homeomorphism h : (t)~^{y) —)■ 
M with dM{hri{z), z) < e/2. Note that the homeomorphism i o h 
is an e-move: dx{ih{x),x) = dx{ihri{z),ri{z)) < dx{ihri{z),i{z)) -|- 
dx{i{z),ri{z)) = dM{hri{z), z) + dx(i(z), ri(z)) < e/2 + 5/2 < e. Here 
z G M is such that ri{z) = x. Such z exits in view of surjectivity of 
r. □ 

We note that Theorem 16.41 holds true for Q-manifolds as well. 


6.5. Question (The Hurewicz Fibration Problem). Is every completely 
regular map with a manifold hber a Hurewicz hbration? 

In view of Theorem 16.11 it is an open problem when the base is 
inhnite dimensional. It is known that a completely regular map is a 
Serre hbration. We refer to [DSj for further discussion of the Fibration 
Problem. 

6.2. Completely regular maps in the Borel construction. Sup¬ 
pose that a compact group G acts freely on a metric space E with the 
orbit space B. Suppose that it also acts on a compact space F. We 
may assume that G acts by isometries. 

6.6. Proposition. The projection pp : F Xq E —)■ B in the Borel 
construction is completely regular. 

Proof. Fix y G qp^{x). Since qp is open, any sequence Xn converging to 
X in B admits a lift converging to y in E with respect to the orbit 
map qp \ E ^ B . Then 

(<?Fxa)(1f X Ci){{(lFxE)\Fx{y}) ^ '■ Pf^{x) —)■ Pp^{Xk) 
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is the sequence of homeomorphisms that converges to the identity id : 
Pp^{x) —>■ Pp^{x) where Ck ■ y ^ Pk the map of one-point spaces and 
Qfxe -FxE^FxgE is the orbit map of the diagonal action. □ 

We use the notation Homeo{M) for the group of homeomorphisms 
of a manifold M with the compact-open topology. By Homeoo{M) we 
denote the subgroup of homeomorphisms isotopic to the identity. For 
manifolds with boundary we use the notation Homeo{M, dM) for the 
group of the homeomorphisms of M which are the identity on dM. 

6.7. Question. Let M be a manifold and G C Homeoo{M) be a com¬ 
pact subgroup that admits a deformation : G x [0,1] —)■ Homeo{M) 
to the unit 1. Does there exist such a deformation H through homo- 
morphisms, i.e., such that ht = : G —>■ Homeo(M) is a group 

homomorphism for every t ? 


6.8. Theorem. Suppose that Questions \6.5\ and \ 6. 7| have positive an¬ 
swers. Then the Injectivity Conjecture holds true. 


Proof. Let Ap act freely on a manifold F (or Q-manifold). Let ht be a 
deformation of Ap to the identity in Homeo{F) by virtue of a family of 
subgroups ht{Ap) C Homeo{M). We dehne an Ap-action on F x 10.1] 
by letting the group ht{Ap) act on F x {f}. Let F be a rough classifying 
space for Ap with the universal covering qp : E ^ B. 

The projection p^xfo,!] in fhe Borel construction factors through the 
map 

p : (F X [0,1]) XApE ^ B X [0,1] 

with the hber F. We show that p is completely regular. By taking 
an invariant metric on F x [0,1] we may assume that p has isometric 
hbers over B x t for every t. By Theorem 16.41 (or by Proposition 16.61) 
we obtain that p is completely regular over each Bxt. Thus, it suffices 
to prove that p is completely regular over hx [0,1] uniformly on 6 G F 
in the following sense: The number 6{{b,t),e) from the dehnition of 
complete regularity can be chosen to be independent of b. For (fe, t) 
and {b, t') we dehne a homeomorphism ht^t' of the hbers by hxing e G F 
with qE{e) = b and identifying p~^{b,t) by means of the inverse of the 
projection to the orbit space q : FxIxE ^ {F x I) x Aj,E with Fxtxe 
then translating it to F x x e and projecting by q to p~^{b, t') . This 
homeomorphism does not depend on choice of e. The translation of 
F X t X e to F X X e is an e-move where e depends on t and \t —1'\ 
only with e —?• 0 as —)■ t. Thus, ht^r is an e-move for all b & B. 

If Question 16.51 has an affirmative answer, then p is a Hurewicz h- 
bration. Then the identihcation F x {1} x F = p“^(F x {!}) extends 
to a hberwise map F x [0,1] x F —)■ (F x [0,1]) x^^ F over F x [0,1]. 
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The restriction of this hber wise map over B x {0} yields a splitting of 
the hberwise map in the Injectivity Conjecture. □ 

6.9. Proposition. Suppose that Ap C Homeo{D'^,dD'^). Then Ap 
admits a deformation ht \ Ap ^ Homeo{D'^, dD"’) to the identity such 
ht is a group homomorphism for every t. 

Proof. This follows from the Alexander’s trick. Let tD"^ denote the 
image of under multiplication by t < 1. Extending to \ tD^ 
by the identity the identity homeomorphism of the boundary dtD"^ 
dehnes an embedding ht : Homeo{tD^, dtD'^) —)■ Homeo{D'^,dD'^) 
of topological groups with the image of ht converging to the unit as 
t —?• oo. By precomposing this embedding with the given embedding 
Ap —)■ Homeo{D'^, dD^) and the isomorphism 

(Lt), : Homeo{D^, dD^) Homeo{tD^, dtD^) 

where Lt : —)■ tD'^ is the multiplication by t we obtain a desired 

deformation. □ 

6.10. Corollary. If every completely regular map with the fiber is 
a Hurewicz fibration, then the Injectivity Conjecture holds true for any 
uniformly bounded Ap-action on 

We call a G-action on a metric space X uniformly bounded if there 
is an upper bound on the diameter of orbits. Note that an action of 
Ap on a closed aspherical manifold dehnes a uniformly bounded action 
on its universal cover. 

Perhaps Edwards-Kirby’s theorem would allow to extend Proposi¬ 
tion 16.91 to all manifolds. We recall that by the Edwards-Kirby theo¬ 
rem |EK] (which goes back to the proof of Chernavsky’s theorem on 
the local contractibility of Homeo{M) [Che]) every homotopic to the 
identity homeomorphism h : M —)• M of a closed manifold can be pre¬ 
sented as a hnite composition h = o • • • o hi of homeomorphisms 
hxing the complement to a ball. 


7. Moduli space of topological manifolds 

Let F be a compact metric space. We denote by Emb{F) = {0 : 
F —)■ s} the space of all topological embeddings of F into the pseudo 
interior s = (0,1)^^ of the Hilbert cube Q = [0,1]“^ with the sup metric: 

d(0i,02) = sup{||0i(x) - ((> 2 {,x)\\ \ x e F}. 

The pseudo interior is chosen in order to deal with tame embeddings 
only. 
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The following theorem implies that the space Emb{F) is an abso¬ 
lute neighborhood extensor for compact metrizable spaces, ANE{C). 
In particular, it implies that Emb{E) is n-connected and locally n- 
connected for all n. 

7.1. Theorem f [Ch] b Let (A, Aq) be a compact pair and f : A ^ s 
is a map. Then for any e > 0 there is an e-close map g : A ^ s that 
agrees with f on Aq and is an embedding on A\Aq. 

We note that the group of homeomorphisms of E taken with the 
compact-open topology, El = Homeo{E), acts on Emb{E) from the 
right by precomposing: 0 —)■ 0 o h, h G TT. Thus <pi,4>2 £ Emb{E) are 
in the same orbit if and only if imcfi = im(j) 2 . Note that H acts on 
Emb{E) by isometries: (i(0i, 02) = d(0i o h, 02 o h). We call the orbit 
space of such action the moduli space of E and denote it by A4{E). Let 
qp : Emb{E) A4[E) = Emb{E)/H be the projection to the orbit 
space. We consider the quotient metric p on A4{E): 

p(0iif, 02Lf) = inf{ci(0i o h, 02) I h e H}. 

We check that p is a metric. It is symmetric, since (i(0i o h, 02) = 
d{4>i,4>2 ° h~^). If (fiH 7 ^ 02hf, then zm0i ^ im02. Then for any 
hi,h2 G H, 

(i( 0 i o hi, 02 o h2) > d^{im(j)i,im(j)2) > 0 

where d^ is the Hausdorff distance on the closed subsets of Q. Let for 
i = 1,2 hi he such that d^efihi, — p{(j)iH,(f) 3 H) < e/2. Then the 
triangle inequality follows when e —)■ 0: 

p(0liL, 02iL) < d(0lhi, 02 / 12 ) < d(0l/ll, 03) + d(02/l2, 03) < 

< p{(j)iH,(j),H) + p{(j),H,(j) 2 H) + e. 

We will identify each orbit 0iL G AA.{E) with the subset 0(T’) of the 
Hilbert cube. 

7.2. Proposition. For Ei, E 2 G M{E), p{Ei,E 2 ) < e if and only if 
there is a homeomorphism g : Ei ^ E 2 with the displacement 

Dg = max{||p(x) — ic|| | a: G Fi} < e. 

Proof. Let Ei = 4>i{E), 0* G Emb{E), i = 1, 2.. 

In one direction, since c/(0i, 02/i) < e for some h E H, we obtain that 
Dg < e ioT g = 02 /i 07 ^. 

In the other direction, (i(0i, 02/i) < e ior h = (ff^gcfi if Dg < e. □ 

Let £{E) = {{E',x) G A4(E) x s | a: G E'j C M.{E) x s and let 
vp : £{E) -E A4{E) be the restriction of the projection onto the hrst 
factor. We note that up is completely regular. 
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7.3. Proposition. For every continuous map / : X —)■ A4{F) the pull- 

hack is completely regular. 

For every completely regular map p : X ^ Y between compact metric 
spaces with fiber F there is a continuous map f :Y ^ A4{F) such that 
P = f*M- 

Proof. Any embedding j : X ^ s defines a map f : Y ^ A4(F) by 
f(y) = j(p~^(y))- Let yk y he a convergent sequence in Y. Then 
there is a sequence of homeomorphisms hk : j{p~^{y)) —^ 
with —)■ 0. By Proposition 17.21 p( f(v). f(vi-)) —)■ 0. Therefore / is 

continuous. Clearly, p is isomorphic to f*{i'p). □ 

7.1. Moduli space of Q-manifolds. 

7.4. Proposition. Let F he such that F[omeo{F) is locally contractible. 
Then 

(1) A4{F) is locally path connected. 

(2) qp : Emb{F) —)■ A4{F) is a Serre fibration with the fiber qfif {y) = 
Homeo{F) for all y G M.{F). 

Proof. (1) Let Fi and F 2 be elements of M.[F) at a distance p(Ti, F 2 ) < 
6. Thus, Fi,F 2 C s and there is a homeomorphism h : Fi ^ F 2 with 
the displacement Dh < S. Let / : F —)■ Fi be a homeomorphism. We 
consider a linear homotopy 77 : F x / —)■ s between / and h o f. By 
Theorem 17.11 there is a 5-approximation 77' : F x / —)■ s of F by an 
embedding that coincides with H on F x {0,1}. This defines a path 
from Fi to F 2 in At(F) of diameter < 26. 

(2) Let H : X I ^ Ai{F) and h : x {0} —)■ Emb{F) with 

qph = F[\inx{o}. In view of Theorem 16.11 F[*{vp) is a trivial fiber 
bundle with fiber F. The map h defines a trivialization of F[*{vp) 
over 7" x {0}. The projection x I ^ defines extension of that 
trivialization to a trivialization over whole 7" x 7. This trivialization 
defines a lift 77 of F that extends h. □ 

We use the standard notation LC^ for the class of locally n-connected 
spaces. 

7.5. Theorem (G.S. Ungar [U] 1. Let p ■. E ^ B he a Serre fibration of 
metric spaces, E is LC'^, p~^{h) is LC^~^ for all b ^ B and B is LC^. 
Then B is LC"'. 

7.6. Corollary. Suppose that H = Ffomeo{E) is a locally contractible. 
Then M.{F) is LC^ for all n. 


Proof. We apply Theorem 17.51 to the map qp : Emb{F) —)■ At(F). 
Since Emb{F) G ANE and in view of Proposition 17.41 we obtain that 
M{E) is LC^. □ 
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We denote by ANE{n) the class of absolute neighborhood extensors 
for 77,-dimensional compact metric spaces. Note Kuratowski’s theorem 
characterizes ANE{n)s as LC^ spaces. 

7.7. Theorem. For any compact Q-manifold E, Ai{E) G ANE{n) for 
all n. 


Proof. We apply Ferry’s theorem |F4] which states that Homeo{E) is 
an ANE for a Q-manifold E, Corollary 17.61 and Kuratowski’s charac¬ 
terization of ANE{n). □ 

7.8. Problem. Let E be a compact Q-manifold. Is the space Ai{E) an 
absolute neighborhood extensor for compact metric spaces? 


Since Ai{E) is the orbit space of an action by isometries of an ANE 
group upon an ANE{C) space, it would not be a big surprise that the 
above problem has a positive answer. 


7.9. Theorem. The affirmative answer to Problem \ 1. <g| implies the In¬ 
jectivity Conjecture. 


Proof. Assume that the Injectivity Conjecture failed to be true for M. 
Then there is a compact space B, nonzero a G h*{B), a sequence 
of Hurewicz hbrations pk '■ Ek ^ B with isometric hbers M, and a 
sequence of hberwise e^-maps fk '■ E^ ^ M x B, e ^ 0 such that 
— 0 The latter implies that Pfc(a) = 0 for all k. Here 

71b and ttm denote projections of the product B x M to the factors. 

We dehne a compactihcation X of ]J by M as the subspace 

X = ]J Gfc U {a} X M c a(]J EQ x M 

k 

of the product of the one-point compactihcation of the union of E^ and 
M where Gk P Ek x M is the graph of the composition tim ° fk and 
a is the compactifying point in a (U. Ek). The Q-manifold versions 
of Theorem 16.41 and Theorem 16.21 imply that the union of pk dehnes a 
completely regular map p : X —)■ a(]J Bk) with hbers M where each 
Bk is homeomorphic to B. By Proposition 17.31 p = f*{i7M) for some 
continuous map / : aiJJj^Bk) —)■ 

We present B = hm.i_{Lj, 0*} as the limit of an inverse sequence of 
compact polyhedra. Let T be the natural compactihcation of ML i by 
B. If A4.{M) is an ANE for compact metric spaces, then there is an 
extension f : W ^ A4(M) to a neighborhood of aifWBk) in a(]jTfc). 
We note that there is k such that Tk <ZW and the restriction of / to 
Tk is null-homotopic. Let pk ■ Zk ^ Tk be the restriction of /*(z/m) 
over Tk. 
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For sufficiently large i, there is an G h*{Li) that maps to a G 
h*{B). Let Ui C T he the compactihcation of L* ]J Lj+i ]J ... by 5. 
The bonding map B ^ Li factors through Ui] let a' G h*{Ui) be the 
image of a*. Let Vi <Z he the preimage in of the copy of Ui in 
Tfc. Let (3'i G h*(yi) be the image of a'. Since a' maps to a, the image 
of /S' in h*{Ek) is the same as the image of a, which is trivial by the 
assumption. Hence the image of /S' in h*{Vj) is trivial for some j > i. 
If a'j G h*{Uj) is the image of a', then the image of a' in h^iVj) is 
trivial. Finally, if aj G h*{Lj) is the image of ai, then aj maps to a' 
under the map Uj —)■ Lj, which in turn goes to 0 under the restriction 
Vj —)■ Uj ofpk- The composition {pk)~^{Lj) —)■ —)■ Uj —)■ Lj coincides 
with the restriction {pk)~^{Lj) —)■ Lj of pk, and therefore aj goes to 
zero under the latter restriction. This contradicts the fact that pk is a 
trivial bundle over Lj. □ 
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